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Section A
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(a) Calculate

1
/ l dr .
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[

(b) Given %’f = —y and y(0) = 2, calculate y(2). 1]
2
(a) Calculate [ sin2zcoszdz. 1]
(b) Calculate [zInzdz forz > 0. 1]
3
(a) Differentiate y = 2 with respect to z. 1]
(b) For y = tant and x = cot {, calculate % in terms of ¢. 1]
4
(a) For the curve y* 4 22 = 2 calculate %-:i at = 1. (1]
(b) Hence calculate the equation of the tangent line at the same point. (1]
5
(a) Verify that the polynomial 22 + 322 — 112 — 6 changes sign between z = 0 and
x = 3 and so find one of its roots by trial. [l]
(b) Hence factorise the polynomial. (1]
6
(a) Write the polynomial 1 + 8z + 2422 + 3223 4 1627 in the form (a + bz)™. (1]
(b) Hence sketch the graph of the polynomial in the range —1 < z < 1 and calculate
the points of intersection with the z and y axes. (1]

7


http://www.phy.cam.ac.uk/directory/lesterc
http://cgl20.user.srcf.net/
http://cgl20.user.srcf.net/camcourse/paperpdf/38

(a) Write sin® (75) in terms of sin (). (1]

(b) Given v/3 ~ 1.732, calculate sin? ({) to two decimal places. 1]
8

(a) Solve cosx = sin2x for 0 < = < §. (1]

(b) Solve 1+ cos2x = cos®z for m < x < 2. (1]
9

(a) Find the general solution of :—E‘ =y? for y#0. (1]

(b) Find the particular solution which satisfies y(1) = 1. 1]
10

Three points are O = (0,0), A= (3,4), B =(512).

(a) Calculate the lengths OA and OB. (1]

(b) Calculate the cosine of the angle AOB. (1]
Section B
11T

(a) Express the complex number 2z = x + iy in terms of the plane polar coordinates
(r,0) in the Argand plane. 2]

(b) Find in terms of x and y the real and imaginary parts for the following functions:

where z = 2* is the complex conjugate of z. (6]

(c) Sketch contours in the Argand plane along which the real part of the function (b)(i)
is constant. Similarly sketch contours along which the real part of the function
(b)(ii) is constant. (6]

(d) Find all solutions of the equation cosh z = —2. (6]
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(a) An implicit equation for any of the real variables, @, y and z in terms of the other
two can be written as F(x,y, z) = 0, where F is some function.

(i) For a general function F', derive the reciprocity relation,

oy (o) _,

dr) \oy),
oy (or) (02 _
du ), \0z ), \ Oy L

clearly stating any assumption(s) you are making,.
(i) For

and cyclic relation,

F = xyz — sinh(x + 2) ,

nd (%) (%) (2)
z iy i
(b) Consider a differential form P(x,y)dx + Q(x, y)dy with

b ba
ki J and  Qz,y) = — :;”;

Plry)= 55— 9o g9 90
(,9) a?x? + b2y? a?x? + b%y?

(defined for (x,y) # (0,0)), where @ and b are real non-zero parameters,

(i) Find all values of @ and b for which this differential form is exact and thus
can be written as df = P(x,y)dx + Q(x, y)dy.
(ii) Find f(x,y).
(iii) Using the expression for f(x,y) found in (b)(ii) above, find the general
solution of the differential equation df = 0, giving your answer as an explicit
function y(x).
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(a) Find the general solution for the equation

d*y dy

de2 " “dz Az

4]

(b) Derive the general form of the solution for the equation

Y+ P@)y = Q)
where P and Q are arbitrary functions. [6]
(c) Solve the equation
(2 + l]dl + 323y = 6ze 37 /2
dx
subject to the boundary condition y(0) = 1. (10]
14W

(a) Assume that the first and second order partial derivatives of the function f(z,y) at
the point (zg,yo) exist and also at this point that

EIN(EI (21N L
Ox? Oy? dxdy

(i) Give the condition in terms of V f for the point (g, yp) to be stationary. 1]

(ii) Give the conditions on the second-order derivatives used for the classification
of stationary points. [3]

(b) (i) Find and classify all stationary points of

x2 492 M4)
- ?

-

4
where a is a parameter in the range —o0c < a < oc. 8]
(ii) For @ = 1 and a = —1, sketch the contour lines of f(z,y) in the region
2<r<?2 2<y< [4]
(iii) For the case @ = —1, find explicit equations for the contour lines passing
through the stationary points (if any). [4]
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(a) Give the Taylor series expansion of a function f(x) about a point z = a keeping the
first n terms, and give an expression for the remainder term R,,.

(b) Taking f(x) = x'/3, find an approximation for 9*/3 as a sum of fractions using the
first three terms of the Taylor series expansion of f(x) about # = 8. By considering
the expression for the remainder term in this case, show that the absolute value of
the error is less than 1/4000.

(¢) Find, by any method, the Taylor series expansion about z = 0, up to and including
the term in 2%, of the following functions:

(1) lesin:.," ,

.3
e:.':

(ii)

coshx

16R

(a) A standard pack of 52 playing cards contains 13 kinds of card in four different suits.
The pack is shuffled and five cards drawn. What is the probability of drawing ‘four
of a kind’, i.e. the same kind of card from each of the four suits, plus any extra card.
Leave your answer in fractional form N/ (%), where N is to be determined.

n
[Note the equivalent notation: (m) ="Cpn.]

b) The probability that a violist plays a wrong note is p. A piece of viola music contains
g
100 notes. What is the probability that n notes are wrong in a performance of the
piece by the violist?

If more than half the notes are wrong, the audience will start booing. What is the
probability of that happening? You may give your answer in the form of a sum.

(c) Let X be a continuous random variable that takes any real value. It is described by
the logistic probability distribution

fla) = ésec:h2 (“’—2_3 “) ;

where p and s are parameters (s # 0).

(i) Verify that f is normalised.

(ii) Calculate the probability that 0 < X < p.
(iii) Show that the mean of the distribution is p.

[Hint: d(tanh z)/dz = sech?z ]
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(a) Evaluate the following indefinite integrals:

d;.r
] , g 1),
(i) T, @>,
(if) sinh::;r __
cosh” x

(b) Define the definite integral

e 2
fn;i/ a?e ' dr

Do

where n is an integer (n = 0). Derive the recursion relation
Iy = (R + %) I,.

Hence evaluate I» and 3.

oo

[You may assume that / e dr = V. ]

—0Do
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Consider the 2 by 3 matrix

1 (1+\/§ 1 1—\/5)

TVe\l1-v3 1 1+V3

(a) Calculate the matrices AAT and ATA.

(b) Calculate the eigenvalues, A,,, and normalised eigenvectors, u,,, of AAT.
(

(d) Calculate Av,, for each of m = 1,2,3, and compare with u,,.

195~

¢) Calculate the eigenvalues, o,,, and normalised eigenvectors, v,,, of ATA.

4]

7]

(9]

4]
4]
[9]
3]



(a) Using the Newton-Raphson method, state the recursion relation for finding an
approximate root of the function f(z) = z? — a, where a > 0. [3]

(b) Let x. = \/a be the exact solution, and let e, = x, — y/a be the error at the n'®
iteration. Show that

e n

"n41 = s

" 2r,,

and deduce that if 2y > x., then z,, > z, for all n. [3]

(¢c) Let a = 2, and assume that we know that the exact solution, z,, of f(x) =22-2 =10
satisfies 1.4 < z, < 1.5. From part (b), deduce that with xzy = 1.5, after three
iterations, 3 approximates z, with accuracy 1071, [6]

(d) Determine whether the following series are convergent:

= 1

(i) Z nlnn’ [4]

N |
(i1) Z . 4]

2
—n In“n
20Y*
(a) Find the solution for
d_y B 21,3 + y-'i
de  3xy?
(8]
(b) Sketch the family of curves
y = ca’? (1)

for integer values of ¢, —3 < ¢ < 3. Find the family of curves that are orthogonal to ();
sketch one example of these orthogonal curves. [12]



